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NATTIONAL AERONAUTICS AND SPACE ADMINTSTRATION

TECHNICAL REPORT R-161

THEORETICAL AND EXPERIMENTAL STUDY OF THE INTERACTION
OF FREE-SURFACE WAVES ON LIQUID METALS
WITH TRANSVERSE MAGNETIC FIELDS
(ONE -DIMENSIONAL UNSTEADY WAVES)

By Vernon J. Rossow
SUMMARY

The free-surface analogy that exists between pressure waves in an ionized
gas and waves on the surface of a ligquid metal is studied experimentally and
theoretically by considering in detail the interaction of one-dimensional waves
in a channel with a transverse magnetic field. Photographic sequences are pre-
sented of the surface shapes found experimentally with mercury and the eutectic
alloy of sodium and potassium (NaK). These results are compared with the corre-
sponding surface profiles predicted theoretically by the one-dimensional mathe-
matical method of characteristics for unsteady flows. It 1s concluded that the
analogy is a useful tool for studying certain aspects of magnetohydrodynamic f£low
fields. The tests carried out in the investigation also provide information on
the interaction of one-dimensional waves with a transverse magnetic field.

INTRODUCTION

Difficulties associated with magnetogasdynamic experiments and analyses cause
one to look for an analogy or simplification that will aid in understanding the
various fluid motions that are observed. In the search for such a device, it may
be noted that a decade or so ago the studies of ordinary gas-dynamic flow fields
often made use of what is known as the free-surface analogy. This analogy is one
wherein gravity waves on the surface of water of shallow depth represent pressure
waves in the gas. A large number of investigations (refs. 1 - 11) were carried
out to ascertain the applicability of the analogy and to study a particular flow
phenomenon. Material found in the partial list of references cited (refs. 1 - 11)
illustrates the amount of information that can be obtained and the ease with which
a flow field can be diagnosed when the free-surface analogy is employed.

In recognition of the possible application to magnetofluid dynamics, several
papers (refs. 12 - 16) have been written recently that extend the free-surface
analogy to include that type of magnetogasdynamic phenomenon characterized by a
low magnetic Reynolds number (Rm << 1). Noteworthy is a paper by Fraenkel



(ref. 12) in which he derives in a systematic fashion the differential equations
for the surface wave motion with electric and magnetic fields and then analyzes
several flow fields. Alpher (refs. 13 and 14) develops the equations he requires
and also presents some experimental results obtained with mercury. A theoretical
analysis is given by ILundquist (ref. 17), and somewhat later by Shirokov

(ref. 18), for a second category of free-surface phenomena in which the liquid
metal is a nearly perfect electrical conductor (i.e., Ry = »). At this limit,
the waves propagate at the characteristic velocity ag=e = J(Bz/pu) + gh rather

than simply /gh.

Analogies that use liquid metals, but that are not of the free-surface
variety, have heen used in several other studies of magnetogasdynamic phenomena..
Included are the results of a series of interesting and informative tests with
sodium carried out by Colgate (refs. 19 and 20) in order to study the stability
of nuclear fusion devices. Other experiments with liquid metals, refer-
ences 21 - 29, illustrate the ingenious use of liquid metals to study wvarious
magnetohydrodynamic problems.

This paper presents a detalled and systematic study of the interaction of
one-dimensional free-surface waves with transverse magnetic fields. The purpose
of this investigation is to gain a basic understanding of these flow fields.
Motivation arises from the need to obtain background information in order to
interpret magnetogasdynamic test results. Details of the theories used and
results achieved are given in the sections to follow, and consist of the five
general subjects: (1) After the models to be considered are described, the rela-
tions to be used to solve the one-dimensional unsteady flow fields are developed
from the equations that represent the motion of liquid metals in the free-surface,
small-~depth approximation. Theoretical results for an example of each of the
models to be studied are then presented. (2) Equations are developed for ideal-
ized magnetogasdynamic models that are comparable to the free-surface configura-
tions under consideration. A specific solution for each is then compared in
order to gain an insight into the nature of the analogy between the two systems.
(3) The influence of various boundary conditions on the electric field and cur-
rent configurations is analyzed. (4) An analysis is made of the distortions
brought about on the surface of the liquid metal by the changing magnetic field
that results when a magnet is energized. (5) Photographic sequences are pre-
sented of the experimental liquid metal (Hg or NaK)?1 surface shapes. In com-
panion figures, a comparison is made of some of these results with the

theoretically predicted profiles.

FIOW MODELS AND RANGE OF VARIABLES TO BE STUDIED

To fulfill the objectives outlined in the previous section, the models
chosen for consideration are kept as simple in concept as possible so that the
number of flow variables are minimized and so that the waves are nearly

iThe eutectic mixture of sodium (22 percent) and potassium (78 percent) is
generally referred to as NaK. Properties of this liquid metal are given in ref-
erence 30, Tt is useful in these tests because it has a specific gravity of 0.86
and has an electrical conductivity three times that of mercury.
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one-dimensional. The particular flow models, some anticipated results, and a
brief description of the experimental model are discussed in the following
paragraphs.

The first flow model to be considered is that of a one-dimensional
compression wave impinging upon a magnetic field. The magnetic fileld is assumed
to be sharply defined, so a uniform state exists on both sides of the wave until
it approaches and passes into the magnetic field region. There, the fluid moving
relative to the magnetic field experiences a damping force tending to retard its
motion. Because of this body force, a portion of the wave is reflected from the
magnetic field and a part passes through. The relative magnitudes of the
reflected and transmitted waves depend on the magnetic field strength, B, elec-
trical conductivity of the liquid metal, o, and the inertia of the fluid in the
wave. Figure 1 illustrates the physical model for producing this type of flow.
The wave is initiated by suddenly, at some time +t = O, moving the piston to the
right at some uniform speed up. Such a flow field can be considered as a simu-
lation of the shock tube studies of one-dimensional ionizing shock waves
interacting with magnetic fields (refs. 31 - 3k4).

A second flow situation to be studied is that of an expansion wave centered
in the magnetic field. Since the magnetic field again exerts a damping force on
the motion, it can be expected that the fluid will seep through the magnetic
field much more slowly than a corresponding expansion wave in a channel with no
magnetic field. The physical model is the same as shown in figure 1 except that
the piston is initially at rest in the center of the magnetic .field and then is
suddenly withdrawn to the left. Such a model represents the breaking of a dam
in hydraulics, or the bursting of a dilaphragm in a shock tube. Flow problems of
this type are usually referred to as a "centered expansion" because, at the start,
all of the expansion waves are located or centered at the interface of the piston
and liquid metal. As time progresses, the individual waves spread out or expand
and thereby resolve the initial discontinuity into a smoothly curved surface that
once again depends on the strength of the magnetic interaction. If the magnetic
field strength were indefinitely strong, the initial discontinuity would not
change as the piston is withdrawn.

A third type of flow to be considered is the interaction of a fluid at rest
with a moving magnetic field. As the magnetic field moves past the liquid metal,
a body force generated by the moving field acts like a leaky broom (or piston)
that sweeps or pushes the liquid metal along the channel. Only for very strong
interactions will the magnetic field sweep all of the fluid from the channel it
has passed. The physical model for producing this type of flow is shown in
figure 2.

The last type of flow to be studied is the motion imparted to the fluid by
a changing magnetic field. The physical results of this type of flow are more
complex and will be described in a later section. The physical apparatus is,
however, shown schematically in figures 3(a) and (b).

In each of the foregoing flow situations the boundary conditions on the
electric fields and currents must be such that the theoretical and experimental
models are matched as closely as possible. Ideally, an external return circuit
should be provided for each transverse electric-current filament so that the



direction of the body forces is along the channel axis. Metal wires required for
these circuits would obstruct the view of the profile of the liquid metal surface,
however. Therefore, an alternative scheme that approaches the ideal employs a
copper plate on the bottom of the channel in contact with the liquid metal.
Possible effects of various current paths are investigated in a section following
the mathematical method of characteristics for one-dimensional unsteady fluid
motion which has been developed for these flow models.

Each of these models will be studied theoretically and tested experimentally
under a variety of conditions with both the ligquid metals Hg and NakK. (Use of
these two materials yields a wide range of the magnetic parameters.) Numerical
values for some of the parameters involved in these tests are given approximately
as (see appendix for definition of symbols)

Rm = O’Haod = 0.03
pasd

Re = ~ 1000 - 5000
n

I 0Bo=d _ J1.5 for mercury
e pnao .0 for Nak

O ~
Ha =[5 Bod ~ 350

h, = depih of fluid ~ 1 cm or O.k in,
Bo =~ 5000 gauss

an = speed of free-surface wave = ghg
~ 30 cm/sec or 1 ft/sec

Fr = Froude no., = —% %~ 0.2 to 2.0

Vgho

THEORETICAL ANALYSIS

In this section, equations are developed to predict the fluid motion of the
one-dimensional flow fields discussed in the previous section. ©Since the analy-
sis to follow is based on the free-surface wave theory, the approximations made
for it apply here also. The idealizations discussed in references 1 to 11 may be

summarized as follows:

1. Viscous and surface tension forces are negligible in comparison with
inertia and pressure forces.

2. Density of liquid is a constant.

3. Pressure on free surface of liguid is a constant and bottom of container
is flat.
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4, Pressure distribution is hydrostatic; that is, vertical accelerations
and velocities are small with respect to horizontal components,

5. Ratio of mean depth to wavelength must be small,

If the free-surface wave theory is to be extended to liquid metals in electric
and magnet . fields, the following additional restrictions are imposed:

6. Properties (density, conductivity, etc.) are changed an insignificant
amount by Jjoule heating,

7. Current density is independent of fluid depth.

8. Fluid has uniform electrical properties throughout flow field,

9. Electric currents are horizontal only.

10. Induced electric field and electric current density vectors are alined,

11, Magnetic field has only a vertical component that is uniform throughout
depth of the fluid.

12. Hall, displacement, etc., currents are negligible,

J
13. Magnetic Reynolds number = oua,d << l; that is, induced or secondary
magnetic fields are small in comparison with imposed field.

Assumptions 1, h, and 5 are violated at the front of a strong wave (or bore)
because the wave front is quite short in comparison with the depth of the fluid.
In the idealized case, the wave front is a discontinuous step from one level to
another. In practice, however, viscosity and surface tension forces round off
the corners to form a wave of finite but small length. Since discussions of the
effect of the shape of the wave front and the role played by viscosity and surface
tension are presented elsewhere (see, e.g., refs. 1 through 11), a detailed
account of the difficulties associated with these wave fronts will not be given
here. It is simply noted that the analogy and the equations for the free surface
are not valid in the immediate vicinity of such a wave front. Flow disturbances
that arise when assumption 10 is violated are treated theoretically and observed
experimentally in sections to follow.

Computations for the cases that follow were generally carried out by means
of electronic computers so that it was possible to make many more comparisons
than would have been possible by hand-operated machines.

Development of Equations Used in Numerical Solution of Flow Fields

Basic equations for liquid metal with a free surface.- In view of the
excellent treatment given by Fraenkel (ref. 12) to the derivation of the equations
that govern the motion of free-surface waves on a liquid metal in electric and
magnetic fields, a detailed rederivation will not be given here. Instead, the




equations of motion for the fluid are presented together with the series expansions
used for the various parameters to obtain the free-surface equations. Then, with-
out going into the details of the intervening algebra, the final equations for the
free surface are given. Conservation equations for the fluid and for the electro-
magnetic fields are, in vector notation (see appendix for definition of symbols),

ap -> -
— 4+V «pU =0 (Conservation of mass)
ot
Dﬁ — — — —
P oo +Vp =J X B - oG (Conservation of momentum)
D U2> D(p/p) = .7, Op :
= e + =] + —L2L =T - B 4+ = Conservation of ener
° Dy ( > ° Tt S¢ &y)
- —
\Y B =0
- -
V - €k =0
Vxg--2
ot
VX B =uJ + pue —
" et
J=olE + U x B) (Ohm's law)

The equation for the surface of the liquid metal is

é.l'_l._pugl--l-v—@gzw at z=h(x,y,t)

ot ox oy

The power series relations that are inserted into the foregoing equations to
develop an ordered system of equations are made dimensionless by means of the
following quantities: A = wave length, h, = characteristic depth of liquid,

K = curvature of surface = ho/kg, \J&ho = ap = speed of propagation of a small
disturbance, Bp = reference magnetic field strength in 2z direction, and

d = h02/7\2 with Ry = magnetic Reynolds number = O(®). Hence, the coordinate
axes and time are written as X = x/A, Y = y/%, Z =z/ho, and T = t Jaho/A.
Power series expressions for the various flow quantities are then



u = Jgho (Ug + ugd + uxd® + . . )

v = \Jgho (Vo + vid + ved® + . . )

w = (A J8ho/ho) (Wo + Wid + wod2 + . . )
P = pgho(p, + P38 + Pud® + . . )

By = RpBo(Bxo + Bx1d + Byod® + . . .)
By = RmBo(Byo + Byi® + Bysd® + . . .)
By, = Bzo + Rn(Bgy + Bypad + . . )
Ex = J8ho Bo(Bxg + Exqd + Exod2 + . . L)
Ey = W8ho Bo(Eyo + Eyid + Eynd® + . . )
Ey, = JJ8ho RyBo(Ezo + Bzid + Eppd® + . . L)

It is to be noted that the values of Ey, and Eyo depend on the specific boundary
conditions imposed on the electric field. They can generally be made small or
large as desired.

Insertion of these series expressions into the differential equations leads
to a sequence of differential equations for the various terms in the power series.
The set of differential equations that result from the zero order system in B
are used here to analyze the free-surface problems to be considered. Figures 1
and 2 indicate the orientation of the coordinate axes, magnet, and channel. The
origin of the coordinate axes is fixed relative to the channel which is, in turn,
fixed relative to the laboratory frame of reference. Equations that govern the
motion of the free surface are then, after the various terms are returned to
dimensional notation,

oh + dhu . dhv -0 Conservation (1)
St dx dy of mass
oB
.@.E‘.+u§.l_l+v§}_):+g§g=._z Ey—uBZ) (ga)
At dx oy 3x P Conservation
5 of momentum
g
.a_z+u.a_v+va_v+ga_h=— Z(EX+VBZ) (Eb)

ot ox oy oy

0B, OBy JEy
3t oy ax




Jy = o(Bx + VBy) (La)
Iy = o(By - uBy) (4b)
p = pgh (Eq. of state) (5)
_a‘— u2 + V2> _a.— ( u2 + V2> -é_ u2 + V2>i] ahu ahV>
D[Bt <’e " 2 i ox . 2 Y oy ° 7 2 e ox oy
= JyBy + JyEy (Conservation of energy) (Ja)

or, by use of the equations for the conservation of mass and momentum, it is
possible to write the energy balance as,

de Be Jde  J2
ce o° _ o 6b
ot i BX Y dy  0p (6v)

where (see also appendix) u and v are the velocity components in the x and y
directions, e, p, and h are the internal energy, density, and depth, respec-
tively, of the liquid metal. The quantities E and J are the electric field
intensity and current density, Bz 1s the vertical component of the magnetic
induction, and ¢ 1s the electrical conductivity of the liquid metgl. The elec-
tromagnetic equation relating the current and magnetic field, pJ =V X B, 1s not
needed in this small magnetic Reynolds number approximation.

Equations for method of characteristics.- Since the problems to be considered
are nearly a function of one space dimension (say x) and time, ©, equations (1)
through (6) simplify enough so that a solution for a given set of boundary condi-
tions can be obtained by the so-called method of characteristics (see, e.g.,
Courant and Friedrichs, ref. 35). When the technique described in reference 35
is applied to equations (1) and (2) with v = O, the two partial differential
equations are reduced to ordinary differential equations that apply along the
characteristic paths and are used as difference equations in finding a numerical
solution to a given flow field. These equations, known as the characteristic

equations, are

+ 24Jgh) = —= (Ey - uBy)dt along % =u + Jgh (1)

where the speed of propagation of a small wave is found to be JEH. In equa-

tion (7), and in the characteristic equations to follow, the =+ notation is used
to indicate that the upper signs apply along the forward (+x) facing and the lower
signs along the backward (-x) facing characteristic directions. In the numerical
work, it is found convenient to normalize the various terms with quantities that
typify the problem being studied. The free-surface wave speed, ag = ,/gh,, the
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initial undisturbed depth of the liquid metal, h,, the magnetic field strength

at the center of the magnet, By, and the half-width of the channel, d, are used
throughout the remainder of this paper to reduce the various gquantities to dimen-
sionless form. The characteristic equations then become, by equation (7)»

2
Bo d B E B ta d(x/d
d(i..[_g il_>=00 _Z<y_g___£>d_<___o.> a]_ong _(—Z—-_)__EE-+ ll_
20 N by pao By \aopBo o By d d(tao/d) o « hg

or
. _ dax
dP = a(U + 24) =P B ééb-- U’]é> dar along ol U+ A (8a)
~ dx
dQ:d(U-EA):PmOB(]Ey—UB>dT along == =T - A (8b)

vhere U =u/ag, A = /by, B = b/hy, By =Ey/ack, X = x/d, B = By/Bo,

and T = tao/d. See gppendix also.

Il

Relations for flow variables across a strong wave front.- Since equations (7
and (8) apply only to waves that are weak, that 1s, of vanishingly small amplitude,
another set of equations must be used for waves of finite strength or amplitude.
As pointed out earlier, assumptions 1, L, and 5 are violated at the front of such
a wave because viscous and surface tension forces dictate the shape of the surface
there. An analytic expression for the profile of the fluid surface through the
wave would be difficult to derive. However, equations for the net change in the
flow quantities from one side of the wave to the other can be found quite simply
from expressions in common use for water waves (see, e.g., pp. 314Ef of ref. 1).
These so0-called Jjump conditions across the wave will be used at the wave front
only and the characteristic equations (8) for small waves throughout the rest of
the flow field. ©Since changes in the flow parameters across the wave at a given
instant of time are not affected by electromagnetic forces, the equations for
water waves apply without modification. Hence, from reference 1, expressions that
relate flow quantities on both sides of a strong wave are

2 _Up _ 1 oz
Uy = eho ~ om. (By + 1) (By - 1) (92)
U, H
- v
Uy = E;;fTﬁi (9b)
Ay = JHy A (9e)
Py = Uy + 2hy (9d)

where Up = up/ao is the dimensionless velocity of the piston pushing the fluid,

Uy = uy/ao 1s the dimensionless velocity of the wave (see fig. L), and P, is




the characteristic quantity Jjust behind the wave crest. The velocity ahead of the
wave is assumed to be zero. Tabulated values for these parameters are presented
below as a function of the fluid depth ratio across the wave, Hy = hy/hg.

Hy Up Uy Ay P
1.0 0 1.0 1.0 2.0

1.1 .09770  1.07471  1.04881  2.19532
1.2 .19149  1.14891  1.0954h4  2.38238
1.3 .28216  1.22270  1.14018 @ 2.56251
1.4 .37033  1.29615 1.18322  2.73676
1.5 L5643 0 1.36929 1.22475 2.90592
1.6 54083  1.hhooo  1.26491  3.07066
1.7 .62379  1.51493 1.3038L  3.231h47
1.8 .70553  1.58745  1.3h4164  3.38882
1.9 .78623  1.65982  1.37840  3.5430L
2.0 86603  1.73205  1.41421  3.69445

Examples of numerical solutions.- Figure 5(a) presents the theoretical surface
height and figure 5(b) the velocity of the fluid caused by a small wave in mercury
as it impinges on the field of a magnet. The electric field E has been set
equal to zero. In the solution shown, the strong wave relations were not used at
the wave front because the wave considered in the calculations is not strong enough
to cause a detectable error and the numerical work was simplified by such an
approximation. In all the calculations pertaining to the experiments, however,
the strong wave relations are used because those waves are not small. Also shown
in figure 5 is the variation with x/d assumed for the body force parameter,

Py = 0Bzd/pap, in the computations. Surface profiles at the various instants of

time depict the attenuation of the incident wave as it moves through the magnetic
field and the fluid reflected from the diffuse boundary of the magnetic field.

A theoretical prediction of the flow that results when the piston is withdrawn
from the liquid metal in a transverse magnetic field is illustrated in figure 6.
A centered expansion in gas dynamics (or breaking of a dam in hydraulics) corre-
sponds to the solution shown. A large difference is to be noted in the surface
between the cases with and without a magnetic field applied. Most apparent is the
lower level of the liguid at the piston when the magnetic field is applied. When
the piston has receded a short distance in the magnetic case, the surface shape
changes quite slowly as the fluid seeps through the magnetic field. The same
variation of the body force parameter shown in figure 5 was assumed in these
calculations.

A different interpretation must be given to the characteristic equations
when the magnet moves past the fluid and channel as illustrated in figure 2. An
addition of the electric fleld, uy,B,, caused by this relative motion to equa-
tions (7) and (&) accomplishes the modifications necessary for the present purposes.
The characteristic equations for the fluid set in motion by the moving magnet
written in dimensionless notation are then

10



ap

dé}-: a(u + 24) =P, IB\EEV.-GI~ Up) 13] aT along X _us+a (10)

ar

where Up = uy /Jfgho with up = magnet velocity.

A solution that illustrates the fluid motion that results when a magnet moves
past a fluid initially at rest as calculated by equation (10) is shown in figure 7.
Once again, it is assumed that the electric field, Ky, is zero and that the varia-
tion of P, 1s the same as shown in figure 5. Positions of the leading edge of
the magnet generating the force field are indicated at the various instants of time
by lines at the top of the figure. It is noted in figure 7 that the magnetic field
pushes fluid ahead of it in a way remindful of the sweeping action of a broom.

It remains in this section to present the characteristics equations to be used
in the analysis of the nonsteady flow fields illustrated in figures 3(a) and 3(Db)
because the fluid motion is in the y and in the radial directions rather than
along the x axis. REquations (1) and (2b) with wu = O are used for the two-
dimensional model, figure 3(a). When the method of reference 35 is applied to
these equations, the characteristics equations are found to be

oB
al(v + pa) = - pz (Ex + vBg)dt along %% =V + a (11)

Similarly, after equations (1) and (2) for the conservation of mass and momentum
are written in cylindrical (r, ©®, z) coordinates and after variations with respect
to ¢ are set equal to zero, the characteristics equations for the axially
symmetric model illustrated in figure 3(b) are found as

aly 0By,

d(uy *+ 2a) = 3 —= at + . dr

(Ecp - u.B,)dt along o T ur ta (12)

where r is the radius and u, 1is the radial velocity. In equations (11)
and (12), E, and E@ depend, of course, on the rate of change of the magnetic

field (see eg. (3)) with time, and on the nature of the boundary of the flow field.
A theoretical estimation of the magnitudes of these quantities to be expected in
an experiment is presented in a subsequent section entitled "Surface Shape as
Magnet is Energized."

Appraisal of Analogy Between Free-Surface and Gas-Dynamic Models

In order to have some sort of an understanding of how well a gas-dynamic
phenomenon is represented by the comparable free-surface situation, the differen-
tial equations for an idealized electrically conducting gas and a numerical com-
parison of results computed for particular cases by these equations are presented
in this section. At the outset, it is obvious that the analogy will not duplicate
the deviations from a perfect gas nor the chemical reactions that are common to

11



the flow of ionized gases. If the gas is assumed to be of an idealized sort that
does not possess these variable properties,® some doubt still remains as to the
extent to which the free-surface analogy applies.

For the present purposes, an idealized gas that has the following
characteristics will be assumed.

1. Constant specific heats and electrical conductivity throughout its
volume and during event.

2. Boundary conditions are the same as for liquid metal. Restrictions 1,
and 8 through 13, that were imposed previously on the free-surface waves, apply
here also. The gas-dynamic differential equations for this simplified gas,
written for two space dimensions and time, are then,

ée . 923 . éEX _ 0 {?onservation}_ (13)
3t 3x dy of mass
B
é}i.{.u@&.;.vég-f-;ég:-g-—z(]ﬂy—uBz) (lha)
ot Ox dy P ox e Conservation
; S 5 ; 5 of momentum
v v v 1 op 05z
—_— U= V2 = . 2 (F B
= - S - (E, + vB,) (14b)
p = pRT  (Eq. of state) (15)
8<; LB+ v%) dp op 9p
2 ) vz + v%> s) <’ u2 + V%) - B © sl
e ru L e+ T 4+ v =2 le + A~ — U =V =
¢ >t dx o dy 2 o Ox %

op )
= JxBy + JyEy + St (Conservation of energy) (16a)

or, by means of the momentum equation, the energy equation becomes

%, , 2 §<z>_£f£§£ % %>
Pz * u = + Vv S/ =@ + 5 St +u > + v S (16b)

Equations (13)through (15) are identical with equations (1), (2), and (5) if
the surface height, h, corresponds to the density, p, and the temperature, T, of
the gas. The pressure, p, is proportional to hZ. It is noted, however, that

2Perhaps by chodsing the véfiety df<ééé, ahd7o} temperature range of the
experiment, it would be possible to match the free-surface and gas-dynamic cases

very closely.
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equations (6b) and (16b) for the internal energy of the liquid metal and the gas
do not contain the same terms because the gas density is much more sensitive to

Jjoule heating and to pressure than is the liquid metal. This difference is pro-
nounced clearly in the cne-dimensional unsteady state form of the characteristic
equations for the gas that can be derived from equations (13) to (16) (see, e.g.,

ref. 35). The speed of propagation of a small wave is now a = ,dp/dp = 7P/p,
where 7y = cp/cv,

2a 0Bz, aJ? ax
diuzx = Ey - uB,)dt # = dt along —= = u % & 1
<’ v ;) 5 ( v z) o g T (17)

where aJZ/op = a(dS/R), with S as the entropy and R as the gas constant. If

y = 2, the left side of equations (7) and (17) are the same.® The first term to
the right of the equal sign in each of these equations are also the same if the
density for the gas is a constant as it is for the liquid metal. Since such is

not the case, the integration of this term along the characteristic direction
requires that p be a variable in equation (17). The second term on the right

of equation (17) expresses energy added to the gas by joule heating, Jz/o, due to
the flow of electrical currents, and is an expression of the entropy of the wvarious
fluid elements involved in the integration along the characteristic paths. Numeri-
cal values for this term are found by following the path of each fluid element and
determining the heat energy added to it since the inception of the event, Inasmuch
as no corresponding term exists in the free-surface equations (eq. (7)), the size
of this quantity will largely determine the difference between the gas and free-
surface solutions. Since the joule heating is cumulative, the entropy term grows
with time. Hence, the analogy should be best at the earlier stages of a given
interaction and become worse as time progresses.

Comparison of the flow solution for a gas-dynamic model that is the same as
the free-surface model analyzed in figure 5 with data shown there i1llustrates the
applicability of the analogy (see figs. 8(a) and 8(b)). As before, E. is assumed
to be zero. Also, the dimensionless flow variables and sizes of the channels used
in the two flow situations are assumed to be identical; that is,

(up/ao)gas = (uP/aO)free surface’ etc.

Variations of the density, pressure, temperature, and velocity with distance
along the channel at several instants of time are presented in figure 8 for both
a gas-dynamic and free-surface small compression wave impinging on a magnetic field.
As expected, the density and velocity for the two mediums correspond quite well
during the early stages of the interaction but the difference grows with time.
Despite the increasing quantitative spread between the two solutions, qualitative
agreement exists at all times. Temperature and pressure in the gas are not repre-
sented quantitatively in any decent fashion by the free-surface solution for
y = 1.4 (or any 7y other than 2), although a qualitative representation of a
sort is obsexrved.

38uch is the case for a completely ionized gas embedded in a magnetic field
because it has two degrees of freedom and therefore a y of 2.
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Effect of Boundaries on Blectric Field

A1l the foregoing calculations were made by assuming that the electric
field Ev was zero. In practice, the boundaries of the flow field will modify
the electric current lines in such a way that Ey will no longer be negligible
and that sizable currents may flow in directions not anticipated by strictly one-
dimensional considerations. To gain an understanding of the influence of the
boundaries on the electric current system, theoretical consideration will be given
here to certain idealized situations that approximate the experimental conditions.
Several possible current paths for the two sets of boundary conditions used in the
wave experiments are illustrated schematically in the upper part of figure 9. In
the first case, figure 9(a), the liquid metal is bounded on both sides and on the
bottom by clear plastic walls that are insulators. The electric currents must then
flow in closed paths within the fluid. Since an electric field is induced within
any fluid element that moves relative to the magnetic field By, the electric cur-
rents can close on themselves by passing through the viscous boundary layer that
exists on the walls of the channel and by means of loops that extend upstream and
downstream of the moving fluid (or of the magnetic field - whichever results in
the shortest path) as shown in figures 9(a) and 9(c). In the second case, a copper
plate is placed on the bottom of the channel (fig. 9(b)) to provide an additional
path for the electric currents to flow. The various electric current paths are
parallel so that some current will flow through each of them during an experiment.
In g given situation, however, one circuit will probably carry more current than
the rest. It is immediately apparent that very little electricity will flow
through the viscous boundary layer (fig. 9(a)) because of its small depth and
therefore high resistance. An estimate of this resistance is obtained from the
work of Hartmann (ref. 36). He finds the displacement thickness of the boundary
layer is approximately 1/(Bg /o/n), or less than 0.0l cm (1/350 in.) for the
experiments reported here. Therefore, no further consideration will be given to
electric currents that may flow in the viscous boundary layer because their
influence on the flow is believed to be negligible,

In the three subsections to follow, an estimate will be made of Ey under
three sets of boundary conditions on the electric field that arise from the situa-
tions illustrated in figures 9(a) and 9(b). In the first case, it is assumed that
an external circuit is provided for the electric current filaments so that the
electric field is nearly one-dimensional and special consideration need only be
given to the resistance of the return circuit, In the second and third cases,
all boundaries of the flow field are assumed to be insulators so that the electric
current loops are forced to close within the fluid. Case two assumes that the
fluid-magnetic interaction takes place in an area small compared with dimensions
of the container enclosing the flow field. These results are extended in case
three to the electric field that results from the interaction between two insulating
walls. This latter situation corresponds closely to the channel problem when no
external circuit is provided for the return of the electric currents. In each of
these cases the depth of the fluid is taken to be constant throughout the flow
field so that the problem may be treated as two-dimensicnal. Also, motion of the
fluid element will be assumed to be steady with time and uniform throughout the

moving element.
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In what follows, it is necessary to define clearly the meaning of the various
symbols used. The actual electric current density distribution in the flow field
when a given fluid element moves through a magnetic field is represented by
3 = G(E +.GX§). The guantity ﬁxﬁ ig the local induced electric field brought
about by the motion of the fluid element through the magnetic field. It is assumed
that the motion of the fluid and the magnitude of the magnetic field is uniform
throughout the element so that it is represented by the one-dimensional value
denoted as ugBp. Since no external electric field will be impressed on the flow
field, the gquantity i expresses that electric field required to cause the electric
currents to conform with the boundaries of the liquid metal conductor and the return
circuit (if one is provided). Hence, E depends on UugB, directly for its magni-
tude and on the shape of the moving fluid element and the flow field boundaries for
its plan-view representation.

One-dimensional approximation for electric field.- When an adequate external
circuit is provided for the electric currents to flow in their natural transverse
(y) direction, the resultant body force on the moving fluid element is along the
channel in the x direction. Iaboratory conditions are such that a voltage
difference is required to force the current filaments to flow over their return
circuit. In a strictly one-dimensional sense, this resistance can be allowed for
by a reduction in the magnitude of the induced field; that is, assume

Jy = o(By - uBz) = -CouBy (18)

where C 1is a constant for a given experiment that depends on the boundary con-
ditions imposed on the electric currents. It will always be less than one in
magnitude, and will be referred to as the electric field constant. Equation (8)
then becomes

apr
= a(U £ 2A) = -CPuB” ar along X - u =+ a (19)
daQ dr

Such an idealization reduces the analysis to a consideration of only one space
dimension and time, thereby making it possible to obtain numerical solutions for
the various free-surface wave experiments, All computations of fluid motions
presented in this paper were carried out by use of this method of approximation.

An estimate for an upper bound to the value of the electric field constant C
for a channel with a copper bottom can be obtained by considering the resistance
of that circuit, Within a given moving fluid element, the impressed potential is
2duBy, where 24 1is the width of the channel. The resistance? of the circuit per
unit length of the channel is then R = (2d/ch) + (28/ocyhcy) Where o and h are
the conductivity and depth of the liquid metal, and o, and hey are the conduc-
tivity and thickness of the copper bottom. The electric current per unit length
of the bar, Iy, is then given by

2duB
Iy=———-——z=—cBZuh =
R 1, .0 n
F o—
______ Scu hcu

" 4Contact resistance between the liquid metal and the copper adds to the
resistance (lowers () of that circuit. ©No estimate is made here of its magnitude.
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Since this result must be equivalent to equation (18), the electric field constant
is given approximately as

1
h
14+ 2 2
Ocu leu

where Jy = Iy/h. If the copper plate is taken as l/M inch thick, the fluid
depth as 1/2 inch,and the fluid as mercury, the constant is about 0.96, if the
contact resistance between the mercury and copper plate is negligible in compari-
son with 2duB,. A comparable value for NaK is about 0.90. These values are
indicative only and cannot be considered as firm figures for C.

Electrlc currents for element of flnlte size in unbounded medlum - A

element as it moves through a magnetic field (see fig. 10(a)) will now be found
by the method of doublets. An equivalent system, shown in side view in fig-

ure 10(b), consists of a fluid at rest and a magnet moving past it. The electric
current distributions of these two systems are identical if the magnet speed in
figure 10(b) 1s the same as the fluid velocity in the block shown in figure 10(a).
For either of these two systems, the induced electric field is represented by a
two- dlmen51onal or planar doublet with its axis alined with the induced electric
field, UxB (y direction) and its strength equal to oupBg. The conductivity is
1ncluded because the final expressions then yield the actual electric currents
that flow in the fluid when such motion exists. For convenience, the shape and
motion of the fluid element to be considered are assumed to be uniform throughout

a rectangular element (see fig. 11).

The complex potential for a doublet in an unbounded medium is

i uoBo i
= + 1 = 20
Gy + by T L (20)
where 1 = -1, { = x + iy, and ¢, and ¥, are the potential and stream functions
for the electric field. The location of the doublet with respect to the origin
(¢ = 0) is given by ¢ = Xg + iy,. When the summation is carried out by integra-

tion over an area 2L tunits wide and 2D units long (fig. 11), the field quantities
for a rectangular block of emf in an unbounded medium are then found as

oupB L -
Py = — [( - DY eotmt LT = cot“l-z;__£> - (y + IJ<eot‘1 y+ L cot“l-z;iL£>

21 X + D x - D X + D X - D
x+D . (x + D)% + (y - 1)? LX-=D . (x = D)% + (y + L)ZJ (212)
2 (x + D)% + (y + I)® 2 (x - D)% + (y + L)
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. = - oueB, [y -L (x -D)2 + (y - L2 vy +1L in (x - D)% + (y + L)%
" ox | 2 (x +D)2 + (y -L)2 2 (x +D)2 + (y +1)2
_ _ly-L_ iy + L & -1Y+L_t _1y—I>
+ (x - D)| tan — tan — + (x + D){ tan P an”t S
(21b)
oueBo [(x +D)® + (y - L)2I[(x - D)2 + (y + L)2]
Iy =——F—In (21c)
m [(x +D)2]+ (y +1)2][(x - D)2 + (y - L)2]
ouoB - - - - - -
J. = & <—tan 1_X_+__D_ - tan 1 X D - tan lchD— + tan lX—-—D—> (Eld)
¥ 25 y - L vy - L v + L v o+ L

/

Electric current lines (i.e., lines of constant V) for two sizes of the
rectangle are shown in figure 12. The electric current density distribution for
I/D = 3 is illustrated in figure 13. Theoretically, the guantity Jy should be
equal to oupBpy for a truly one-dimensional model instead of a value of about
0.8 oupBy found for figure 13.

Electric currents for element between two nonconducting walls.- Comparable
information for the bounded medium is obtained by an integration of the expression
for a doublet between two walls 2d units apart as shown in figure 14. The com-
plex potential for a single doublet in a bounded medium is

UGB, i

2r tn .
d sinh -— - 1
2d £

Py = Py + 1Yy =

where §o = Xo5 + 1y, When this equation is integrated with respect to xg4

from -D to +D, expressions for the potential and stream function ¢4 and Vg,
and for the components of the electric current density for a doublet layer or
slab (fig. 14) bounded by two insulating walls are found to be

ounB _, EL 4 EL
Pg 22 = <;an 1 i tan~1 Eé) (222)

i

¥y = 0UoBo [ N (1) + (&3)2] (220)

on (e1)2 + (g2)%
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LL__D_LE_-ﬁhD_LYoﬂ
_ GuoBo cos 3 sin 5a cosh B 28 cosh ) cos 5 sin ¥ + sinh 53 sin 5a sin 5 cos 54
Xg =
ha (£1)% + (£2)°
MRS £ xn D o YT g5 ST _ Xt D . yx o Yor
cos o sin a cosh — 2a cosh 2d cos o sin 2d inh 2d sinh 53 sin ¥ cos 24
(&l) + (53)
(22c)
Xq X1t Dxn yn Yort _ _. . X% D . ym . You
; _ ouoBo cosh ﬁ sinh o cosh 53 sinh 2 cos 5q cos a sinh 23 cosh 3 sin ¥) sin Bq
Ys 2 2
s ka (e1)% + (£2)
. Dx yx Yom Dx yn Yox
il 2 20 ddd ST Io® | oinh XX h == J juihid
} cosh %) 51nh Ed + cosh ) 51nh a cos o cos ¥ 2d cos ) sin %) sin E¥
2 2
(1)7 + (&3)
(224d)
where
X . D . Yom
£l = cosh ZX gin X - cosh =% gin 228
2d 24 2d 24
. . Yort
£2 = sinh L cos ¥ - sinh Dr og 207
24 24 2d 2d
. X . Yom
£E3 = sinh X cos T 4 ginh 2X Dx cos =22
24 2d 2d 2d

Numerical integration of equations (22) with respect to Yo for the idealized
emf distribution shown in figure 14 leads to the electric current lines and field
intensity distributions shown in figures 15 and 16. As is to be expected, a com-
parison of Ffigures 13 and 16 reveals that the presence of the insulating boundaries
reduces considerably but not entirely the magnitude of the electric current density
for a given input driving potential distribution.

In any real experiment, the magnetic field (or fluid velocity) is generally
not accurately represented by a step function at the boundaries of the moving parts.
An analysis of the magnetic field to be used here as measured for the 4- by L-inch
solid core magnet with a l—l/E—inch alr gap that was used in the tests will indi-
cate the electric field to be expected when the magnet moves relative to a fluid of
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uniform depth. If equations (22) are integrated for the distribution shown in
figure l?(a), approximated by the step functions shown, the electric current lines
and current density distributions are found as illustrated in figures 17(b), 17(c),
and 17(d). The experimental magnetic field is nearly constant across the channel
and is assumed therefore to be only a function of x. In figures 17, a remarkable
reduction in the electric current density is observed when it is compared with the
value that would be assumed in a one-dimensional analysis; that is, J, = dupBgz.
Iongitudinal (x direction) currents are noted to be of the same magnitude as the
transverse (y direction) currents, thereby indicating that the cross-channel
forces are as large as the longitudinal forces. The directions of the forces that
act on the medium in that quadrant of the force field are illustrated by the arrows
shown in figure 17(Db).

Surface Shape as Magnet is Energized

Numerical analysis of the nonsteady flow fields that arise when the magnet
is energized is carried out by means of the characteristic equations presented
previously as equations (11) and (12). Before these equations can be employed,
relations must be developed for the electric fields Ey and ECP and for the mag-
netic field B, as a function of time. A gqualitative description of the fluid
motion to be anticipated in such an event will first be given in this section;
then, the required expressions will be developed for the various fields.

When the magnet is energized, the liquid metal is drawn to the center of the
magnet by the induced body forces (fig. 18(a)). When the switch is opened so that
the magnetic field decays quickly, the fluid is thrown violently in an outward
direction from the center of the magnet (fig. 18(b)). The body forces that cause
this motion arise from a combination of the electric field induced by the changing
magnetic field (see eq. (3)) and the instantaneous value of the magnetic field.

At time zero (i.e., when the magnetic field is zero), the induced electric field

is a maximum because the magnetic field is changing most rapidly; but the body
force is zero because the magnetic field strength is zero. When the magnetic

field is fully established, the electric field vanishes (because the magnetic field
is no longer changing with time) and the induced body force is again zero. It is
only during the intervening time that the electric and magnetic fields are both
nonzero and an acceleration is imparted to the liquid metal. An estimate of the
surface shape as it changes with time will be made for the case when the magnetic
field builds up, but no effort will be made to predict the flow when the magnet

is turned off.

If the magnet had a constant value of the inductance Y. and resistance R
the magnetic field strength as a function of time would be given by

B (%) = Bo (1 _ Y I'> (23)

where B, 1is the final steady-state value of the magnetic field. The electric
field and body force Fy distribution in the fluid are then given for two-

dimensional boundaries by equations (3) and (2) as
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YBoR e—R‘b/I- (248.)
I.

el
1l

-0By(Ex + VBy)

_0By2 (1 - e'Rt/I-> [XE e RE/ L, (1 - e'Rt/Lﬂ (24D)

and for axially symmetric boundaries by

E(p - -E—OI—-]? e—Rt/L (258‘)

= B2 <1 ) e—Rt/L> [% Re/Le w (1 i e—Rt/L>J (250)

where r is the radius from the origin to the fluid element and wu,. 1s the
radial velocity of the fluid. However, the solid iron-core magnet used in the
experiments 1s energized by a motor-generator set connected through a control box
designed to promote optimum operation of a carbon-arc lamp. Voltage supplied to
the magnet was then not a constant but varied with the currenrtv and time. The
inductance or rate of change of the magnetic field with time is then a funciion

of the electric current through the magnet windings (or instantaneous value of

the magnetic field), the rate of change of the current, and several other factors
that depend on the circuitry of the control panel. Several curves that represent
the current through the magnet coils as a function of time are shown in figure 19
as measured on an oscilloscope. A noticeable deviation from the idealized exponen-
tial variation is especially apparent in the run conducted at a maximum current of
14 .4 amperes. These peculiar variations of the magnet can be represented by a
povwer series in electric current for the inductance; that is,

=
|

L =Ly + LT + Lo1% + L T3 4

In the analysis to follow, only the first two terms of the series are retained so
that the time constant of the magnet is expressed as

L Lo+ LI
R R

An idealized form of the differential equation for the current, I, through the
windings i1s then

E; =RI + (Iap + LsyI) %—i— (26)
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where E, is a constant voltage applied at the initial instant of time, t = O.
Since it is assumed that E, is constant and the current I 1is zero when t =0,
an expression that relates the time required for the current in the windings to
rise to a given value is found as

Lo < RI L [ ( RI>}
t = o —— - — - —— I - — 2
= in 5. =5 RI + Eg In oA (27)

The emf induced in the liquid metal by the changing magnetic field becomes, for
the two-dimensional case,

- dB, dBy g1
= y — y ——
* at ar at
and for axlally symmetric case,
r 4By r 4By g7
E(P ~~~ —_—= = —_— =
2 dt 2 4 dt

After the current, I, at a given instant, t, has been determined from equation (27),
the quantity dBZ/dI is found by numerically differentiating the curve measured

for B, versus I (see fig. 20). Equation (26) is then used to find the factor
dI/dt. It is assumed that By is a function only of time and not of x or y over
the area of interest. The foregoing maneuver is an attempt to match the theoretical
analysis with the experimental conditions as closely as possible. The character-
istic equations for the two-dimensional case can then be written as, from equa-

tion (11),

OBZ dBZ aT

dy
a(v + 2J8h) = - — [y =2 == 4 vBy ) dt 10 SO h 2
( J eh) SR AT z> along —*= =V Je (28)

u dB
a(up £ 2Jgh) = T Jeu = at - —= <E —z dL urBZ> at  along %_1% - up + &b

(29)

An electric field constant is obviously not required for the axially symmetric
problem because the electric current loops are circles in the horizontal plane that
are enclosed within the liquid metal. Also, the same induced potential exists
along the entire current path.

In the two-dimensional case, however, the electric current paths extend into
the liquid metal out beyond the magnet where an induced emf is not acting to aid
the current. An estimate of the magnitude by which the theoretical and purely two-
dimensional current distribution is changed by these end conditions is obtained by
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use of a doublet distribution to simulate the electric field. To simplify the
computations, the magnetic field is approximated by a uniform field over a certain
length along the channel and zero elsewhere as indicated by the cross-hatched area
in figures 21(a) and (b). It is found that the y variation of the electric
field is represented by equation (24a) within the accuracy of the computations
(less than O.l-percent error) over the region of interest. Current paths for
several values of the ratio, L/D, are shown in figures 21(a) and 21(b) and for

the magnet used in the experiments in figure 21(c).

EXPERIMENT

Apparatus

A description is given here of the elements used to obtain the test data.
Basic to each of the experimental arrangements was the 4- by L-inch solid iron
core electromagnet that has a l-l/2—inch air gap. It was energized by about
1800 turns of number 14 magnet wire that received power from the motor-generator
set discussed in the previous section. The magnetic field strength of the magnet
on a horizontal plane midway between the pole faces is shown as a function of the
longitudinal coordinate, x, in figure 22(a). Contours of equal field strength
are shown in figure 22(b). Since the channels used in the experiments are 2 inches
wide, any variations in the magnetic field strength across the channel were not
measurable. Throughout the investigation, the magnetic field is considered a
function only of the longitudinal or x coordinate.

Three test channels were used in the experiments. Each was made of clear
plastic (lucite) that would not react chemically with NaK at room temperatures.
All three test cells were equipped with plumbing so that dry nitrogen could be
forced through the channel to purge it of oxygen and water vapor before NaK or
mercury was introduced into the test cell through another plumbing duct. These
test cells are described briefly as follows.

Channel 1: A rectangular box with internal dimensions of l-l/M inches high,
2 inches wide, and 37 inches long. A piston was propelled by a reversible direct-
current motor at speeds from about 1 in./sec to 10 in./sec over a distance of
20 inches along the channel. See figure 1; not drawn to scale.

Channel 2: Rectangular box with internal dimensions of 1-1/8 inches high,
2 inches wide, and L8 inches long. A barrier 14 inches from the right end served
as a retainer so that the rolling magnet could approach and pass a sharp liquid
metal boundary. The magnet was rolled past the channel by means of a reversible
electric motor connected to a lead screw via a carriage that rode on the lead
screw. Excessive vibrations required that the magnet be pushed by hand for some
of the tests with mercury. See figure 2; not drawn to scale.

Channel 3: Cylindrical box with internal dimensions of l—l/& inches high and
2-1/2 inches diameter. See figure 3(b); not drawn to scale.
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Copper bars 1/4 inch thick, 2 inches wide, and 36 inches long were placed
inside Channels 1 and 2 for several of the experiments. A piece of copper l/h—inch
thick and 2—l/2—inches diameter was used in the bottom of test cell number 3.

These copper plates were not fastened rigidly to the channels but they Tit closely
enough to the side walls and bottom that any motion required a notable force.

Procedure

Photographic sequences of the profile of the surface shape of the liguid metal
were obtained with a T7O-mm camera set to take 20 frames/second. A clock with a
1-foot-diameter face and calibrated in 0.0l-second intervals was placed within the
field of view so that the instant at which each exposure was made was recorded and
could later be determined to *0.002 second. Selected frames were enlarged to about
full-scale size so that the fluid motion could be studied in detail and so that
readings of the surface height could be made easily and with some accuracy; that
is, about +0.01 inch. A transparent diagonal (h5o) gridwork was placed in the
background so that the top edge of the liguid metal could be accurately determined
as the point at which the line and its reflection form a sharp point. Horizontal
gridwork served as reference lines for the vertical measurements. A 48-inch neon
lamp placed directly behind the test channel supplied the light for the exposures.
The center of the camera lens was about 10 feet from the liguid metal and 1 inch
higher on a line perpendicular to the channel axis.

Temperature readings taken on a mercury thermometer placed within the test
cell but not in contact with the liquid metal were assumed to be the true tempera-
tures of the liquid metal. These measured values were then used to determine the
density, p, and electrical conductivity, o, of the liquid metals. Variations of
g and p with temperature were taken from reference 30.

EXPERIMENTAL RESULTS AND COMPARISON WITH THEORY

Photographic sequences of the surface shape of the liquid metals are presented
in this section for the experiments conducted in the investigation together with
theoretically determined profiles for the corresponding boundary conditions at
several selected instants of time. Since several nearly identical runs were made
of each test setup, a decision as to which of these to publish was made on the
basis of the uniformity of the motion of the piston or magnet, and the absence of
metallic oxide on the walls and surface of the liquid metal. Numerical values for
the theoretical surface height of the liguid metal at the instant the various
photographs were taken were obtained by the method of characteristics for one
space dimension and time discussed previously. Theoretical curves are presented
for four to six photographs spaced a regular intervals. Roman numerals on the
frames of the corresponding photographs (see, e.g., fig. 24(a) - numerals and time
are noted in inset placed beside magnet pole piece) indicate the pictures so
chosen. Time of exposure from a somewhat arbitrary starting time is given in
seconds. The dimensionless time, T, is given only for the theoretical curves.
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In the computations, the electric field constant C was varied until a best
fit to the experimental data was achieved. Comparison of the numerical results
for several values of C with the experimental curves showed that it was possible
to determine C within about +3 percent. The optimum value so chosen was then
used throughout a given sequence of surface profiles. All other parameters used
in the numerical work were taken directly from the experimental data. Experimental
readings from the photographs for the surface height were taken as the points at
which the diagonal gridwork in the background either disappeared or made a sharp
bend as it is reflected in the ligquid metal surface.

Compression Wave Impinging on a Magnetic Field

The experimental setup shown in figure 1 illustrates the equipment layout for
this series of tests. Runs were made with mercury and with NaK at several dif-
ferent piston speeds both with and without a l/u—inch copper plate in the bottom
of the channel. Surface shape profiles observed in several selected runs are
reproduced in figures 23, 24, 25, and 26 together with the profiles predicted by
the one-dimensional unsteady method of characteristics.

The interaction shown in figure 23 for mercury in an insulated channel is so
weak that a numerical counterpart is not presented. This result is suggested in
figure 17(d) by the low (~0.03) value predicted for the ratio Jy/ouBo. In other
words, a negligible fraction of the theoretical one-dimensional or short circuited
electric current actually flows because of the presence of the insulating walls,

It is to be noted, however, that the roughness of the surface of the mercury behind
the wave is eliminated by the magnetic field so that it is operative at least as
a turbulence suppressor, Conversion of the leading edge of the compression wave
into a solitary wave (see ref. 5) also seems to be caused by the magnetic field.

Considerable attenuation of the wave in mercury occurs as 1t passes through
the magnetic field if the l/h—inch copper plate is placed in the bottom of the
channel as shown in figure 24, In the theoretical analysis, a step function is
assumed for the leading edge of the wave, The strong wave relations were used to
evaluate the change in the flow variables from one side of the Jjump to the other,
In practice, surface tension and viscosity of the fluid round off the corners,

As expected, at other locations on the surface good agreement exists between the
observed and theoretical surface heights throughout the duration of the event,
The value of the electric field constant C which best fits the data is below
the value of 0,96 estimated earlier probably because some voltage drop occurs at
the interface of the mercury and copper,

Results shown for WNaK in figures 25 and 26 provide a more severe test of
the one-dimensional theory because of the stronger interaction, An improper start
of the piston causes undesirable extraneous waves to be generated. Several of
these are quite noticeable in figures 25(a) and 26(a) between the piston and strong
wave front, Agreement between theory and experiment is satisfactory in figure 26(b)
for the wave moving over a copper bottom., The anticipated differences between the
theoretical and experimental curves shown in figure 25(b) bear out in a - rough
fashion the current path patterns and increased effectiveness to be expected at
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the edges of the magnetic field as shown in figures 15(a) and 17. The greater
slope of the surface at the edges of the magnetic field results from the larger
current density there (see fig. 15(d)). Variations in the surface height across
the channel were visually noted during these runs to consist of a depression in
the center of the channel of, at most, about 1/8 inch in the region where the
surface slope was the greatest., This results from a greater effectiveness of the
magnetic field near the center than at the walls brought about by the fact that
the transverse electric currents flow more easily there than near the walls,

(see fig. 15(4).)

A comparison of the data presented here with the material in references 31
to 34 is not made because of the differences in the experimental arrangements and
boundary conditions., Qualitatively, the test results are the same in that shock
waves were driven against or through a magnetic field, and in some cases reflection
and attenuation of the incident wave are observed,

Centered Expansion 1in a Magnetic Field

The experimental arrangement in use here is the same as that for the
compression wave tests (fig. 1) but it differs from those tests in that the piston
motion is reversed, For comparison purposes, a run with mercury (fig. 27) was
conducted without a magnetic field acting on the centered expansion, Although a
magnetic field was present when the run shown in figure 28 was made, the fluid
motion is not measurably altered by it. This is again as would be anticipated
from the low values of C predicted in figures 15 through 17. Computations shown
in both figures 27(b) and 28(b) were carried out for C = O, Differences there
are attributable to the initial motion of the piston, 1In the theory, it is assumed
that the piston begins moving at t = 0 at a uniform speed, Up. Such is not the
cagse in practice, however, because there is slack in the piston linkage. Tf the
exact motion of the piston during this time were known and inserted into the com-
putations, it is felt that the two results would agree quite closely, since the
centered expansion seems to depend strongly on the early motion of the piston,

When a copper plate is placed in the bottom of the channel, the magnetic
field is once again effective (see fig., 29). As with the insulated bottom case,
the starting motion of the piston is not well represented in the theory., This
initial difference is nearly erased by the damping effect of the magnetic field
so that good gquantitative agreement exists during the later stages of the event
(see fig. 29(Db)).

The influence of the magnetic field on NaK is so strong (figs. 30 and 31)
that the fluid literally creeps along the channel as the piston recedes whether or
not the channel has a copper bottom, Differences between the theoretical and
experimental curves for the insulated bottom case indicate the reduced resistance
experienced by the current loops when they are near the edge of a magnetic field
rather than near its center as suggested in figure 15(d). Computations are pre-
gsented in figure 30(b) for three values of C 1in order to bring out the difference
between the theory and experiment, thereby indicating that the one-dimensional
approximation is inadequate here,
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Since the interaction of the NaK with the magnetic field is very strong
when the channel has a copper bottom, the fluid in front of the moving piston
squirts around, up and over the piston thereby coating the channel walls with
oxide, Therefore, only one photograph of the fluid motion is presented (fig. 31(a))
and the surface is indicated by the white line drawn there, As nearly as could be
determined, the data are approximated by the profiles shown in figure 31(1p).

Magnet Moving Over Fluid Surface

Figure 2 illustrates the general setup and camera position for the moving
magnet experiments. As the magnet moves over the channel, it is observed that
the flow of the liquid metal through the magnetic field approaches the character
of a uniform traveling wave, In other words, the liquid metal profiles are more
stationary for these tests than for the piston experiments, Phenomena that were
not apparent in the liquid metal profile shapes in the compression wave and
centered expansion experiments are now noticeable. The first of these is the
lateral motion of the ligquid metal brought about by the forces indicated in fig-
ure 17(b). Liquid metal is drawn to the center of the channel by the body forces
on entering the magnetic field so that a hump forms in the surface, The elevation
of the top of the hump is about the same magnitude as the depression observed
visually when the run shown in figure 25(a) was made (i.e., 1/8 in.). Profiles
of NaK in a channel with insulating walls are shown in figure 32(a). A compari-
son with the one-dimensional theory in figure 32(b) indicates that it expresses
the fluid motion adequately outside the magnetic field region where there are no
lateral forces., The compression wave that develops ahead of the magnet eventually
becomes a discontinuity and propagates as such, In the numerical work, however,
this wave is always treated as a weak wave,

From figure 33(a) it is observed that no net motion is imparted to the liquid
metal when a l/h—inch copper plate is placed on the bottom of the channel, The
f£luid is simply drawn toward the channel center line as it enters the magnetic
field and then thrown outward against the channel walls as it exits from the mag-
netic field. A motion in the x direction is not detectable. Since the copper
plate is stationary relative to the channel and moving relative to the magnet,
an emf is now induced within it, The liquid metal can then serve as a possible
circuit for the electric field induced in the copper. When the NaK is also
stationary, the emf induced by the moving magnet in both metals is the same and
no lateral electric currents flow, If the NaK moves, the emf induced in it will
be smaller than in the copper, thereby permitting lateral currents to flow that
force the NaK to stop. ©Stable motion therefore exists when the copper plate and
liquid metal are both fixed relative to each other and, in the present situation,
fixed relative to the laboratory frame of reference. Iongitudinal currents do not
share the same restraints because they arise as a consequence of being part of the
return current Joops. ILateral motion of the NaK relative to the copper does not
then influence the amount of emf applied to a particular fluid element, Then the
longitudinal currents can and do cause surface shape changes that are noticeable,
Surface profiles to be anticipated for the copper bottom case, if the fluid motion
were one-dimensional and C the same as for the insulating bottom case, are shown

in figure 33(b).
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Interaction of the moving magnet with mercury (fig. 34) is much less
spectacular but qualitatively the same as that for NaK. A mirrorlike surface,
that is quite easy to maintain with mercury in a nitrogen atmosphere, makes it
possible to observe wave patterns behind the moving magnet. Diagonal gridwork
placed behind the channel and reflected in the mercury surface then brings out
the surface height variations. Figure 35 presents results for several magnet
speeds. Lateral forces are once again responsible for the liguid metal being
first drawn toward the center of the channel and then thrown outward against the
channel sides. As the magnet speed increases from below to above a Froude number

(upg/A/ gho) of 1, the disturbance wave pattern changes from alternating depressions
(or vortex street type, fig. 36(a)) to a Mach wave type pattern (fig. 36(b)).
Variations in the wave angle with increase in speed of the magnet are small

(fig. 37). Most apparentS is an elongation of the center collision area of the
waves, indicating an increase in the thickness of the waves. A second set of
waves is noted in the highest speed run to emanate from under the magnet in the
region where the incoming fluid collides as it is drawn to the center of the
channel by the magnet.

The mechanism demonstrated in figures 32 and 35 suggests a device that would
perhaps serve as a nozzle capable of converting an ionized high-density subsonic
flow of gas into a low-density supersonic stream. Such a device would consist
simply of a transverse magnetic field impressed across a channel with insulating
walls. Flow deflections usually brought about by convergent-divergent walls are
now carried out by body forces that result from current loops induced by relative
motion of the magnet and stream., Variations in the downstream Mach number are
made by changing the magnetic field strength. Such a magnetogasdynamic nozzle is
operative at low and probably also at high magnetic Reynolds numbers, It also
has the advantage that heat is added to rather than subtracted from the gas as it
passes through the nozzle region.

Nonsteady Magnetic Field - NakK

When the magnet is energized, the liquid metal within the air gap is drawn
into a hill at the center of the container as illustrated in figures 3(a) and 3(Db).
The magnitude of the disturbance depends on the magnetic parameter Py, in such
a way as to produce an easily measurable (about 1 cm) disturbance in NaK and a
barely detectable one in mercury. Visually it is possible to see a sglight
(~0.01 in.) rise in the mercury at the center of the vessel., Also apparent is a
frosted or dull appearance taken on by the mirrorlike surface during (about 1 sec)
the time that the magnetic field builds up., A more intense (>BOOO gauss) or a
more rapidly changing field would of course produce a larger disturbance.

Figure 38 presents photographic sequences of the surface profiles of NaX in
the two-dimensional channel shown in figure 3(a). The time history of the surface
shapes is about the same whether the bottom is an insulator or copper plate. A
small difference lies in the slight inward motion induced at the ends of the mag-
net when the channel has walls that are insulators. The different coloration on

SIn these experiments, the magnet had to be rclled by hand to eliminate all
possible vibrations that would cause extraneous waves,
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the side walls for the two runs is due to a sizable amount of oxide on the walls
shown in figure 38(a) and practically none for figure 38(b). The sharper curvature
of the surface there and the hump in the NaK at the center of the magnet reflect
this motion., A prediction of the surface shape can be made with the theory set up
for nonsteady magnetic fields in two dimensions (see eq. (28)). A comparison of
the surface height measured at the center of the magnetic field for the data shown
in figure 38(b) and predicted by the two-dimensional theory is made in figure 39(a).
The theoretical shape of the surface in a plane perpendicular to the channel axis
is shown in figure 39(b) at several instants of time, No measurements were made

of the surface shape in this plane because of the experimental difficulties
involved., Differences between the two results illustrated in figure 39(a) are
greater than the reading error in the experimental surface height, Considerable
uncertainty exists, however, in the experimental values of the inductance K. and
reslistance R of the magnetic circuits, Values that only approximate the true
experimental conditions are used in the theory because the precise values for each
test were not adequately measured at that time., Also, resistance heating of the
magnet coils can cause the magnitude of R to vary over as much as 50 percent of
its room temperature value. It is felt that these are the reasons more precise
agreement between the theory and data was not achieved in any of the nonsteady

magnetic field tests.

Maximum surface heights that occur during the time the magnet is energized
as estimated by the two-dimensional theory are shown in figure 40 for a range of
the parameters concerned. The time history of the current through the magnet
windings that was assumed for these computations is presented in figure 41,
Neither of the curves in figure 41 has the peculiar shape exhibited by the
14,4 ampere run (fig. 19), but the function represented by two. terms for the
induction is a fair approximation to the runs at lower maximum currents.

An extensive series of tests was made with the axially symmetric arrangement
shown in figure 3(b). Runs were made at nominal maximum currents of 5, 10, and
15 amperes through the magnet coils with and without a copper plate in the bottom
of the 2—1/2—inch—diameter test cell, Typical data for three values of the mag-
netic parameter, Pp,, are shown in figures Lo through 45 together with the
theoretically predicted surface shapes, NoO measurable difference was observed
between the copper and insulating bottom runs when all other test conditions for
the two were the same. Quantitative agreement of the axially symmetric theory
with the test data is once again hindered by a lack of information on the exact
values of the parameters R, Iy, Xay, . . . for each of the tests. Qualitative
agreement is very good, It is felt that i1f the experimental parameters were
measured more accurately and these numerical values used as input for the theory,
guite good quantitative agreement could be achieved, ©Since considerable time and
effort would be required to do this and because the agreement is already fairly
good, these further refinements were not made,
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CONCLUDING REMARKS

Theoretical results presented in this paper demonstrate some of the
characteristics of the analogy between waves on the surface of a liguid metal and
pressure waves in an ionized gas. A comparison of theoretical results (fig. 8)
for each medium under the same boundary conditions shows that density and velocity
(in dimensionless form) of the gas are represented quite accurately by the surface
height and velocity of the free surface of a liquid metal, As was true for water
waves the analogy does not apply to strong waves. ©Since Jjoule heating does not
significantly affect the liquid metal, the analogy becomes less exact as the amount
of electrical heating increases., Density and velocity are duplicated roughly for
a gas that has a ratio of specific heats, y, of about 2, and conly in a qualitative
way Tor other values of y. It 1s to be remembered that the analogy represents
only certain aspects of the flow of ionized gases, Probably foremost is its lack
of duplication of the chemical reactions and the associated variations in the
electrical properties of the gas.

Experiments carried out with mercury and Nak (figs. 23 - 45) make it
possible to:

a., Ascertain the ability of the theory to predict the motion of the liquid
metal in electric and magnetic fields,

b. Study wave motion in the presence of transverse magnetic fields with
various boundary conditions on the electric currents,

c., Attain a substantial range of the magnetic parameters.
A perusal of the theoretical and experimental data presented here shows that:

1. The wave motion in the channels can be approximated by a one-dimensional
thecry, even though the electric field is three dimensional, if the largest portion
of the electric current in the fluid is made nearly one-dimensional by providing
a sulitable external circuit by which the currents can close on themselves.

2. The use of the electric field constant C 1in the one-dimensional tests
for treating the electric field (or resistance of the return circuit) simplifies
the analysis greatly without a sacrifice of accuracy if the conditions in 1 are
met,

3. When an external circuit is not provided for the return of the electric
currents, they form paths that extend upstream and downstream of the moving elements
and magnet in such a way that sizable lateral forces can result, The surface shape
and flow field then no longer approach a one-dimensional character,

4, The lateral forces and the corresponding surface distortions that arise
from the longitudinal portion of tHe electric current paths suggest a new device
for a magnetogasdynamic nozzle, Such a nozzle would change a high-density low-
speed stream into a low-density supersonic flow. This discovery would be difficult
to make without the use of the free-surface analogy.
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5. As expected, the free~surface waves do make it possible to visualize and
study flow phenomena characterized by a low magnetic Reynolds number that are
otherwise quite intractable,

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., Aug. 24, 1962
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APPENDIX
SYMBOLS
a speed of propagation of a small wave
a h
A —— or —
ao ho
B magnetic field strength
B
B dimensionless magnetic field, E&
0
c electric field constant (See egq. (18).)
d half width or radius of channel
D half length of doublet distribution (See fig. 11.)
e internal energy of fluid element
B electric field intensity
E
E
aoBo
I force
g acceleration of gravity
G gravity force field
h local depth of liquid metal
H h
he
Ha Hartmann number, /% Bod
i -1
J electric current density
K curvature of free surface
L half width of doublet distribution (See fig. 11.)

L inductance of magnet
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Nak

>
<
[24]

32

eutectic mixture of sodium (22 percent) and potassium (78 percent)

pressure
characteristic parameter, U + 2 NE or U + yEA T
oB,2d
magnetic parameter,
Pag
UBOZd. . . . .
—— — , maximum value of magnetic parameter in flow field used as
pag

representative value

2A
y - 1

characteristic parameter, U - 2 NE or U -

electrical resistance

magnetic Reynolds number, ocua,d

papd

viscous Reynolds number,

time
temperature

velocity of fluid in x, y, and z directions, respectively

coordinate axes, X alined with channel axis and 2z vertical

x ¥y z
a’4a’a

c
ratio of specific heats, EE
v

electric permittivity
viscosity of fluid

length of wave on free surface



()0’1’2,...

magnetic permeability
ratio of fluid depth to wavelength

kinematic viscosity, il

density of fluid
electrical conductivity
agt

—

d

electric current potential function
complex potential function, ¢ + iV
electric current stream function

X + 1y

reference quantity

values immediately behind strong wave

doublet layer or slab

guantities ordered in & wused to derive free-surface equations

magnet

piston
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(d) L/D = 2.0; 3/L = 1.0

Figure 15.- Concluded.
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(a) Longitudinal component .

Figure 16.- Electric field intensity for rectangular magnet moving over fluid
between two insulating walls; L/D = 3.0, /L = 1.333.
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(b) Transverse component .

Figure 16.- Concluded.
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(b) Plan view of electric current lines.

Figure 17.- Electric field induced by L4~ by L-inch electromagnet as it moves over fluid confined between
two insulating walls; 4 = 1 inch.
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x/d
(c) Longitudinal electric field intensity.

Figure 17.- Continued.
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(d) Transverse electric field intensity.

Figure 17.- Concluded.
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(a) (b)

(a) Magnet on; B, is increasing. (b) Magnet off; B, is decreasing.

Figure 18.- Cross-sectional view of surface shape of NaK as magnet is turned
on and off,



(a) Ipax = &.1t5 amperes.
(b) Iyax = 10.5 amperes.
= 1L .4 amperes.

Figure 19.- Electric current through windings of 4t- by L-inch magnet
(l—l/E-inch air gap) as a function of time after switch is closed;
sweep rate = 5.0 cm/sec.
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Figure 20.- Magnetic field strength at the center of the air gap for 4- by 4-inch
solid core electromagnet used in experiments; l—l/E—inch air gap.
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Figure 21.- Plan views of theoretical electric current paths as various magnet shapes are energized
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(a) Magnetic field strength along center line of magnet.
Figure 22.- Magnetic field strength distribution as measured for L~ by L-inch

solid iron core electromagnet with l—l/2—inch air gap and 10 amperes
current through windings.
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Figure 22.- Concluded.
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A-28829-2
Figure 23.- Compression wave in mercury impinging on magnetic field; insulating

walls and bottom, Uy = 0.62, hy = 0.37 inch, a, = 1 ft/sec, Py, = 1.18, ¢ = 0.
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A-28829 3

Za) Experimental surface profiles.

Figure 24.- Compression wave in mercury impinging on magnetic field; copper bottom
in channel, Up = 0.570, ho = 0.35 inch, ao = 0.97 £t/sec, Pmy = 1.523.
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(b) Comparison of theory and experiment; C = 0.56.

Figure 24.- Concluded.
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(a) Experimental surface profiles.

Figure 25.~ Compression wave in NaK impinging on magnetic field; insulating walls
and bottom, Up = 0.349, hy = 0.52 inch, ag = 1.18 ft/sec, Py, = 5k.5.

Tl




gL

-—:L___-
T =2.963
5.926
____________________ — ’4====4=:;=,~___“§_‘-‘_ _-Experiment
8.889

11.852

e e e e -

(b)
14.815

-———
b —— ——

(b) Comparison of theory and experiment; C = 0.1k2.

Figure 25.,- Concluded.
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(a) Experimental surface profiles.

Figure 26.- Compression wave in NaK Impinging on magnetic f£ield; copper bottom
in chammel, Up = 0.377, hy = 0.42 inch, a, = 1.06 ft/sec, Byo = €0.k.
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(b) Comparison of theory and experiment; C = 0.64.

Figure 26.- Concluded.
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A-28829-6

(a) Experimental surface profiles.

Figure 27.- Centered expansion in mercury; U? = -0.63, hy = 0.55 inch,
ag = 1.22 ft/sec, Pyo = O.

81




8

]

~—~Experiment
1 | o
7=0.460
I
1.256
m e
2.052 ===
v S——
2.848 — _—
X (b)
4.440

(b) Comparison of theory and experiment.

Figure 27.- Concluded.
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A-28829-7

(a) Experimental surface profiles.

Figure 28.- Interaction of a transverse magnetic field with a centered expansion
in mercury; insulating walls and bottom, U? = -0.63, hg = 0.50 inch,
ag = 1.16 ft/sec, Pyo = 1.28.
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(b) Comparison of theory and experiment; C = 0.

Figure 28.- Concluded.
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(a) Experimental surface profiles. :
Figure 29.- Interaction of a transverse magnetic field with a centered expansion

in mercury; copper bottom, U@ = ~0.51, hy = 0.60 inch, 8 = 1.26 ft/sec,
Ppo = 1.48.
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(b) Comparison of theory and

experiment; C = 0.88.

Figure 29.- Concluded.
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A-28829-9

(a) Experimental surface profiles.
Figure 30.- Interaction of a transverse magnetic field with a centered expansion
in NeK; insulating walls and bottom, U, = -0.43, hy = 0.88 inch,
D
ap = 1.54 £t/sec, Ppo = 41.7.
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(b) Comparison of theory and experiment.

Figure 30.- Concluded.
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A-28829-10

(a) Surface shape about 0.7 sec after piston is removed (1 ~ 10).

Figure 31.- Interaction of transverse magnetic field with centered expansion in NakK, copper bottom,
Up = -0.54, hy = 0.55 inch, ag = 1.22 ft/sec, Byo = 52.8.
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(b) Theoretical shape of surface for experiment of C = 0.Lk.

Figure 31.- Concluded.
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A-28829-11

(a) Experimental profiles of surface shape.

Figure 32.- Disturbance brought about in NaX by magnet moving past channel;
insulating walls, Up = -0.68, hy = 0.2 inch, a, = 1.06 ft/sec, Ppo = 60.5Lk.
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(b) Comparison of theory and experiment; C = 0.026.

Figure 32.- Concluded.
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(2) Experimental profile of surface shape.

Figure 33.- Disturbance brought about in NaK by magnet moving past channel;
copper bottom, Uy = -0.51, h, = 0.46 inch, a, = 1.11 ft/sec, Pmo = 57.8.
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(b) Comparison of theory and experiment; C = 0.026.

Figure 33.- Concluded.
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(a) Insulating walls; Up = -0.8%, hy = 0.37 inch, ag = 1 ft/sec, Pyy = 1.48,
¢ = 0.02,

A-28829-15

(b) Copper bottom; Uy = -1.76, he = 0.33 inch, ag = 0.9% ft/sec, Py = 1.48.

Figure 34%.- Disturbances brought about in mercury by magnet moving past channel.
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Figure 35.- Oblique view of surface wave patterns on mercury as magnet moves past

chennel at various speeds; h, = 0.38 inch, a, = 1.01 ft/sec, Ppo = 1.48.
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Figure 36.- Plan view of wave pattern for magnet moving over mercury.
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Figure 37.- Variation of wave angle on surface of mercury behind moving magnet as
a function of Froude number.
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A-28829-17 (b) A-28829-18

(a) Insulating walls; Ppg = 70, hg = 0.49 inch, a, = 1.15 ft/sec.
(b) Copper bottom; Pyy = 70.8, hg = 0.42 inch, ag = 1.06 ft/sec.

Figure 38.- Side view of surface shape of NaK as magnet is energized.
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(a) Comparison of theoretical and experimental values for surface height at center
of magnet as a function of time; C = 1.

Figure 39.- Two-dimensional theoretical values for data in figure 37(Db);
Ppo = 70.8, ho = 0.42 inch, ag = 1.06 ft/sec.
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(b) Shape of surface at various instants of time.

Figure 39.- Concluded.
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(2) With magnetic parameter, Pp,, for R/Iso = 1.17 (value for data in fig. 37(b)).

Figure 40.- Variation of maximum two-dimensional surface height.
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(b) With magnet time constant.

Figure 40.- Concluded.
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Figure 41.- Theoretical variation of current with time that was assumed for magnet .



A-28829-19 A-28829-20 A-28829-21

(a) Insulating walls and bottom; Ppy = 60.7, ho = 0.63 inch,
‘ 8o = 1.30 £t/sec.

() Insulating walls and bottom; Ppy = 7.4, hy

a5 = L.30 £t/sec. ‘

(¢) Copper bottom; Pyo = 90.2, hy = 0.45 inch, ag = 1.10 £t/sec.

0.63 inch,

Figure 42.- Photographic sequences of surface shape of NaK within axially
symmetric container as magnet is energized.
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(a) Data in figure 42(a).

Figure 43.- Comparison of axially symmetric theory with experimental data for
height of NaX at center of channel.
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(b) Data in figure 42(b).

Figure 43.- Continued.
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(c) Data in figure L2(c).

Figure 43.- Concluded.
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(a) Data in figure 42(a).

(b)

(b) Data in figure 42(Db).

Figure Uh.- Surface shapes of NaK in axially symmetric container at various

instants of time when magnet is energized.
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(c) Data in figure 42(c).

Figure 4&4.- Concluded.
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Figure L45.- Variation of maximum surface height of NaK in axially symmetric
contalner as magnet is energized.
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